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Fuzzy Riesz subspaces, fuzzy ideals, fuzzy bands and fuzzy 

band projections 

Liang Hong 


Abstract. Fuzzy ordered linear spaces, Riesz spaces, fuzzy Archimedean 
spaces and cr-complete fuzzy Riesz spaces were defined and studied in several 
works. Following the efforts along this line, we define fuzzy Riesz subspaces, 
fuzzy ideals, fuzzy bands and fuzzy band projections and establish their fun¬ 
damental properties. 


1. Introduction 

The theory of fuzzy mathematics was initiated in [10] and the notion of fuzzy 
order relation was first defined in [11]. Later [8] developed a systematic framework 
of fuzzy ordered sets paralleling that of classical partially ordered sets. This nat¬ 
urally led to the studies on fuzzy Riesz spaces in [4], fuzzy ordered linear spaces 
in [5], fuzzy Archimedean spaces in [6] and cr-complete fuzzy Riesz spaces in [1]. 
[3] provides a good review of the key results in this direction. The purpose of this 
paper is to define and study fuzzy Riesz subspaces, fuzzy ideals fuzzy bands and 
fuzzy projection bands. 

We fix some notations for our presentation. Unless otherwise stated, N denotes 
the set of natural numbers; R denotes the set of real numbers; R~^ denotes the set 
of nonnegative real numbers; Greek letters denote either indices or real 

numbers; the symbols ^ and > are used with respect to the usual order on i?; all 
functions are assumed to be real-valued. 

The remainder of the paper is organized as follows. Section 2 provide readers 
with some preliminaries; most material in this section can be found in the papers 
cited above; we give a few counterexamples to complement the existing literature; 
for a detailed treatment of fuzzy set theory, we refer to [9] and [12]; for a compre¬ 
hensive treatment of the classical theory of Riesz spaces, we refer to [7]. Section 3 
defines fuzzy ideals and studies their basic properties. Section 4 defines fuzzy bands 
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and gives several important properties. Section 5 is devoted to the investigation of 
fuzzy projection bands. 


2. Preliminaries 


2.1. Fuzzy ordered sets and fuzzy lattices. 

Definition 2.1. [10] Let X be a space of points, with a generic element of 

X denoted by x. A fuzzy set A on X is a membership function : X [0,1], 
with the value of (J-a^x) at x representing the “grade of membership” of x in A. 
The nearer the value ^a{x) to unity, the higher the grade of membership of x in A. 

Remark. To distinguish a fuzzy set from an ordinary set, we call an ordinary set 
a crisp set. 


Definition 2.2. [11] Let X be a crisp set. A fuzzy order on X is a fuzzy 

subset of X X X whose membership function p satisfies 

(i) (reflexivity) x € X implies p{x,x) = 1; 

(ii) (antisymmetric) x,y € X and p{x, y) + p{y, a:) > 1 implies x = y; 

(hi) (transitivity) x,z G X implies p{x,z) ^ Vygx[/a(a;, y) A/i(?/, z)], where 
V and A denote supremum and infimum with respect to the usual order, 
respectively. 

A set with a fuzzy order defined on it is called a fuzzy ordered set (or foset for 
short.) 

Notation 2.1. [8] Let X be a foset and x £ X. f x denotes the fuzzy set 

on X defined by (t x)[y) = p(x,y) for all y £ X. Likewise, j, x denotes the fuzzy 
set on X defined by (), x){y) = p{y,x) for all y £ X. If A is a crisp subset of X, 
f A = Ua,gA(t x) and iA = x). 


Definition 2.3. [8] Let A be a crisp subset of a foset X. The upper bound 
U (A) of A is the fuzzy set on X defined as 


U{A){y) = 


0, if (t x){y) < 1/2 for some x£A- 

(na,gA t a;) (i/), otherwise. 


Likewise, the lower bound L(A) of A is the fuzzy set on X defined as 


HA){y) = 


0, if (t x){y) ^ 1/2 for some x £ A; 

(HxGA f x) (y), otherwise. 


If U{A){x) > 0 for some x £ X, we write x £ 17(A); in this case we say A is 
bounded above and we call x an upper bound of A. Similarly, if L(A)(x) > 0, we 
write X £ L(A); in this case we say A is bounded below and we call x a lower bound 
of A. A is said to be bounded if it is both bounded above and bounded below. An 
element z £ X is said to be a supremum of A if (i) 2 ; S 17(A) and (ii) y £ 17(A) 
implies y £ U(z). An element z S X is said to be a infimum of A if (i) z £ L(A) 
and (ii) y £ L(A) implies y £ L(z). For a fuzzy subset 5 of a foset X, U(S) denotes 
U(suppS), where S' = {a; G X | ps(x) > 0} is called the support of S. Similarly, 
L(S) denotes L(suppS). 
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Theorem 2.1. [8] Let A be a subset of a foset X. Then 

(i) inf A, if it exists, is unique; 

(ii) sup A, if it exists, is unique. 

Notation 2.2. [8] x V y = sup{a;,?/} and cc A y = inf{a:, y}. 

Theorem 2.2. [8] Let X be a foset. Then the following identities hold, 

whenever the expressions referred to exist. 

(i) (idempotent) x Ax = x and x V x = x. 

(ii) (commutative) x A y = y A x and x Ay = y A x. 

(iii) (absorption) x A {x V y) = x V {x A y) = x. 

(iv) fi{x, y) > 1/2 if and only if x Ay = x if and only if xV y = y. 

Definition 2.4. [8] A foset X is called a, fuzzy lattice (or F-lattice for short) 
if all finite subsets of X have suprema and infima. A fuzzy lattice is said to be 
complete if every subset of X has a supremum and an infimum. 

2.2. Fuzzy Riesz spaces. 

Definition 2.5. [5] A real vector space X is said to be a fuzzy ordered vector 
space if A1 is a foset and the fuzzy order on X is compatible with the vector structure 
of X in the sense that it satisfies the following two properties: 

(i) if x,y € X satisfies y.{x,y) > 1/2, then y-{x,y) ^ /i(a; + z,y + z) for all 
zeX; 

(ii) if x,y € X satisfies y,(x, y) > 1/2, then /i(a;, y) < y.{Xx, Ay) for all A G i?+. 

Remark. It follows from the transitivity of /i and condition (i) that if fi{xi,X 2 ) > 
1/2 and fj,{x 3 ,X 4 ) > 1/2, then fi{xi + X 3 , X 2 + X 4 ) > 1/2. 

Definition 2.6. [5] Let AT be a fuzzy ordered vector space and x € X. a; is 

said to be positive if y,{0,x) > 1/2; x is said to be negative if yt{x,0) > 1/2; x is 
said to be nonnegative if x is not negative. 

Definition 2.7. [6] Let D be a subset of foset X. 

(i) D is said to be directed to the right if for every finite subset E of D, 
DAU{E) ^ (f. 

(ii) D is said to be directed to the left if for every finite subset E of D, 
DnL{E) ^ (f. 

(iii) D is said to be directed if it is both directed to the right and directed to 
the left. 

A directed fuzzy ordered vector space is a fuzzy vector space which is directed. 

Theorem 2.3. [5] Let X be a fuzzy ordered vector space, x,y,z € X and 

a, /3 G R. Then the following statements hold. 

(i) If y,(0, a;) > 1/2 and /j,( 0, y) > 1/2, then /j,(0, a; + y) > 1/2. 

(ii) If y,(0, a;) > 1/2 and pfO, —x) > 1/2, then x = 0. 

(hi) If p(0,x) > 1/2 and a ^ 0, then p(0,ax) > 1/2. 

(iv) If p{xi, X 2 ) >1/2 and a ^ 0, then p{ax 2 ,axi) >1/2. 

(v) If /i(0, a;) > 1/2 and a ^ (I, then p{ax, fix) > 1/2. 
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Theorem 2.4. [5] Let be a family of elements in a fuzzy ordered 

veetor space. 

(i) //A ^ 0, then \/j^j{Xxi) exists, and 

^j^jiXxf) = \ {f/j^jXj'). 

(ii) If X <0, then Aj^j{Xxi) exists, and 

Aj^j{Xxfj — A(Vj^jXj). 

Theorem 2.5. [5] Let {xj^j^j and {yi}ieL be two families of elements in a 

fuzzy ordered vector space. IfVj^jXj and Vi^lVi exist, then 

+ yi) = Vj^jXj + yi^Lyi- 

Definition 2.8. [4] A fuzzy ordered vector space is called a fuzzy Riesz space 
if it is also a fuzzy lattice at the same time. 

[4] and [5] gave several examples of fuzzy ordered linear spaces and fuzzy Riesz 
spaces. Below we give an example to show that a fuzzy ordered linear space need 
not be a fuzzy Riesz space. 

Example 2.1. Let X = D{R) be the set of all differential functions on R with 
coordinate algebraic operations. Define a membership function fi : X x X ^ [0,1] 
by 

( 1, if/= 5; 

Lif,9) = l 2/3, if/(t) ^ g(t) for alH e R and / ^ g; 

[ 0, otherwise. 

It is routine to verify that X equipped with p, is a fuzzy ordered linear space. How¬ 
ever, X fails to be a fuzzy Riesz space. To see this, take f{t) = t and g{t) = —t in 
X. Put k{t) = |t|. Then y.{f,k) > 1/2 and y{g,k) > 1/2, that is, k G U{{f,g}). 
If h G U{{f,g}), then y{f,h) >1/2 and g,{g,h) > 1/2; hence f{t) = t ^ h\t) and 
g{t) = —t ^ h{t) for all t G [0,1], implying h{t) ^ |t| for all t G [0,1], that is, 
h G U{k). This shows that f V g = k. But (/ V g){t) = jtj is not differentiable at 
t = 0. Thus, f y g ^ X, proving that X is not a fuzzy Riesz space. 

Definition 2.9. [4] Let A be a fuzzy Riesz space and x € X. The positive 

part of X is defined by a;’*' = a; A 0; the negative part of x~ = {—x) V 0; the absolute 
value of X is defined by jxj = xM {—x). 

Theorem 2.6. [4] Let X be a fuzzy Riesz space and x,y € X. Then the 

absolute value has the following properties: 

(i) n{\x + y\,\x\ + I2/I) > 1/2; 

(ii) |Aa:| = [Ajjxj for all X G R; 

(hi) fj.{\x\ - \y\, \x - y\) > 1/2; 

(iv) \x - y\ = {xV y) - {x A y). 

Theorem 2.7. [4] Let X be a fuzzy Riesz space, x,y G X and A > 0. Then 

the following equalities and inequalities hold. 
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(i) m((x + y)+,x+ + y+) > 1 / 2 ; 

(ii) y{{x + y)-,x- +y-) > 1/2; 

(iii) (Aa;)’*' = Xx~^; 

(iv) (Aa;)“ = Xx~. 

Theorem 2.8. [4] If X is a fuzzy Riesz space and xi,X 2 S X, then 

xi + X2 = a;i V X2 + a;i A X2- 

The following theorem is called the Riesz decomposition theorem for fuzzy Riesz 
spaces and the property exhibited in the theorem is called the Riesz decomposition 
property of fuzzy Riesz spaces. 

Theorem 2.9. [4] Let X be a fuzzy Riesz space and x,yi,...yn € X. If 
/i(|a;|,| 2 /i + ... + yn\) > 1/2, then there exists elements xi,..,Xn € X such that 
Ij/il) > 1/2 for all i = l,...,n and a; = a:i + ... + Xn- Moreover, if x is 
positive, then Xi,...,Xn can be chosen to be positive. 

Definition 2.10. [4] Let X be a fuzzy Riesz space. 

(i) Two elements a;i, a ;2 G X are said to be disjoint or orthogonal, denoted 
by a;iTa; 2 , if \xi\ A |a; 2 | = 0. 

(ii) An element x G X is said to be disjoint or orthogonal to a subset A of X, 
denoted by xLA, if xLy for all y € A. 

(iii) Two subsets Ai, A 2 S X are said to be disjoint or orthogonal, denoted by 
A 1 TA 2 , if xiTx 2 for all xi S Ai and X 2 G A 2 . 

Theorem 2.10. [4] Let X he a fuzzy Riesz space. 

(i) If X Lx I and xLx 2 , then xA-{axi + 6 x 2 ) for all a,b G R. 

(ii) Ifx = Vj^jXj andyLxj, then yLx. 

Definition 2.11. [5] A directed ordered fuzzy ordered vector space X is said 
to be a fuzzy Arhimedean space if the set {Ax | A > 0} is not bounded above for 
any nonnegative element x G X. In this case, we also say the space X is fuzzy 
Archimedean. 

Remark. A fuzzy Riesz space is directed. Hence, we say a fuzzy Riesz space X is 
fuzzy Archimedean if the set (Ax | A > 0} is not bounded above for any nonnegative 
element x G X. 

Theorem 2.11. [4] Let X be a directed fuzzy ordered vector space. Then X is 
fuzzy Archimedean if and only if for each nonnegative element x G X the sequence 
{nx}neN is not bounded above. 

Theorem 2.12. [4] Let X be a directed fuzzy ordered vector space. Then X is 
fuzzy Archimedean if and only if A„gAr{l/n x} = 0 for any positive element x G X. 

We conclude this section by recalling some definitions in linear algebra. Let V 
be a vector space. An operator P : V ^ V is called a projection if = P. Let 
Ai, A 2 be two subsets of V. Then the algebraic sum Ai + A 2 is defined as 

Ai + A 2 = {xi+X2|xiG Ai , xi G A 2 }. 


6 


HONG 


If AiC] A 2 = 0, we write Ai + A 2 as Ai © A 2 and call it the direct sum of Ai and 

A2- 


3. Fuzzy Riesz subspaces 

Definition 3.1. Let X be a fuzzy Riesz space. 

(i) A vector subspace F of A is said to be a fuzzy Riesz subspace if for all 
x,y GY the elements xV y and x Ay belong to Y. 

(ii) A subset A of A is said to be fuzzy solid if it follows from fJ,{\x\, lyl) >1/2 
and y G A that x G A. In this case, we also we A is a fuzzy solid subset 
of A. 

Remark 1. It is clear from Theorem 2.4 that a vector subspace F of a fuzzy Riesz 
space A is a fuzzy Riesz subspace if and only ii x,y G Y implies x V y G Y. 

Remark 2. Every fuzzy solid set A of fuzzy Riesz space is circled (also called 
balanced), that is, a; S A implies Xx G A for all |A| ^ 1. 

The next example shows that a vector subspace of a fuzzy Riesz space need 
not be a fuzzy Riesz subspace. 

Example 3.1. Let A = C{R) be the set of all continuous functions on R with 
coordinate algebraic operations. Define a membership function /i : A x A —>■ [0,1] 
by 

f 1, if / = 5 ; 

m(/> 5) = '\ 2/3, if/(t) < g(t) for alH e R and / ^ g; 

[ 0, otherwise. 

Then it is easy to see that A is a fuzzy Riesz space. Now let F = D{R) be the 
set of all differentiable functions on R. Then F is clearly a vector subspace of A. 
However, Example 2.1 shows that F is not a fuzzy Riesz subspace of A. 


Definition 3.2. Let A be a subset of a fuzzy Riesz space A. The smallest 
solid fuzzy subset containing A is called the fuzzy solid hull of A and is denote dy 
SohiA). 

Remark. It is easy to see that the fuzzy solid hull SoIf{A) is given by 

SoIf{A) = {x\3y G a such that p{\x\, |?/|) > 1/2}. 

Theorem 3.1. Let X be a fuzzy Riesz space and J be an arbitrary index set. 
Then the following two statements hold. 

(i) If Fi is a fuzzy Riesz subspace of X and Y 2 is a fuzzy Riesz subspace of 
Fi, then Y 2 is a fuzzy Riesz subspace of X. 

(ii) IfYj is a fuzzy Riesz subspace of X for each j G J, then Y = Hj^jYj is 
a fuzzy Riesz subspace of X. 
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Proof. (i) Let x,y € Y 2 . Then x,y £ X; hence 2 = supjjf {x, y} exists, 

where supjs^ denotes the supremum is taken in X. We need to show that 
z £¥ 2 - Since x,y £Yi and Yi is a fuzzy Riesz subspace, we have z £ Yi. 
Therefore, z £ UYj^({x,y}), where the subscript Yi denotes that the upper 
bound is taken in Yi. Now let w £ ({x, t/}). Then UYi{x,y){w) > 

0, implying Ux{x,y){w) > 0; hence w £ Ux{x,y). This implies that 
z £ Ux{w)- In view of z £ Yi, we have z £ Uyi{w). Therefore, z = 
supy^ja:, y}. Since Y 2 is a fuzzy Riesz subspace of Y, we have z £ Y 2 . 
This proves that Y 2 is a fuzzy Riesz subspace of X. 

(ii) It is evident that Y is a vector subspace of X. Let x,y £ Y. Then the 
hypothesis implies x,y £ Yj for each j £ J. Hence, x \/ y £ Yj for each 
j £ J, showing that xV y £Y. Therefore, Y is a fuzzy Riesz subspace of 


[5] defined the notion of sequential convergence in fuzzy order relation; [1] 
further investigated the properties of this mode of convergence. Below we define 
the notion of convergence of nets in fuzzy order relation and provide some basic 
properties. 

Definition 3.3. Let X be a foset. A net {xa}a^A in X is said to be increasing, 
denoted by Xa t) if f^ixcnXis) > 1/2 when the indices a and /3 satisfy a ^ 13. If 
in addition x = sup^g^jxa} exists, then we write Xa t x. Likewise, we can define 
decreasing nets in X. The notations Xa i and Xa \,x should be interpreted similarly. 

Notation 3.1. Let A be a foset and D be a subset of X. We will use the 
symbol D / to denote the fact that D is directed to the right; likewise, D / denotes 
the fact that D is directed to the left. The symbol D ^ x means D / and x = sup D; 
similarly, D \. x means D \. and x = inf D. 

Definition 3.4. A net {xa]a^A in a fuzzy Riesz space X is said to converge 
in fuzzy order to an element x £ X, denoted by Xa x, if there exists another 
net {ya}a&A such that yi{\xa — x\, ya) >1/2 and y^ / 0. In this case, x is said to 
be the fuzzy order limit of {xa]a^A- 

Theorem 3.2. The fuzzy order convergence has the following properties. 

(i) If Xa X and Xa y, then x = y. That is, the fuzzy order limit is 
unique. 

(ii) A fuzzy order convergent net is bounded. 

(hi) If Xa X, ya —^ y and y.{xa,ya) >1/2 for all a £ A, then fj,{x,y) > 

1 / 2 . 

(iv) If Xa t (or Xa \.), then Xa —> x if and only if If Xa x (xa / x 
respectively). 

(v) If Xa —^ X, then any subnet of Xa converges to x in fuzzy order. 

(vi) If Xa X, Za X, and fJ.{xa,ya) > 1/2 and fJ.{ya,Za) > 1/2 for all 
a £ A, then ya x. 

(vii) If Xa X, then —f/. x~, and |a;Q,| |a;|. 
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(viii) Xa V yp x\/ y and Xa A yp x Ay. 


(a./3) 




(ix) If Xa a; and yp y, then axo 


byp ax + by, for all a,b € R. 

(a,/3) 


Proof. We show (ix) only since the proofs of (i)-(vii) are completely analogous 
to the proofs of corresponding results for sequences in [1] and [5]. 

(ix) Since Xa x and yp y, there exist two nets {Za} and {wp} such 
that yL{\xa - x\,Za) > ll2, y[\yp - y\,wp) > 1/2, Za i 0 and wp f 
0. By the remark following Definition 2.5 and Theorem 2.6, we have 
H{{axa + byp) - {ax + by),\a\\xa - a;| + \b\\yp - y\) > 1/2 and fJ.{\a\\Xa - 
x\ + \b\\yi3 - 2/1, \a\Za + \b\wp) > 1/2. Therefore, 

yi{{axa + byp) — {ax + by), \a\za + \b\wp) > 1/2. It is clear that 

\a\za + \b\wp p\ 0. Hence, axa + byp ax + by. 

{a,P) 


□ 


Definition 3.5. Let X be a fuzzy Riesz space. The set of all positive elements 
in X is called the positive cone of X and is often denoted by X~^, that is, X'^ = 
{x€X\ p{0,x) > 1/2}. 

Definition 3.6. Let S' be a subset of a fuzzy Riesz space X. 

(i) S is said to be fuzzy a-order closed if it follows from {injneN C S and 
Xn-^x that X £ S. 

(ii) S is said to be fuzzy order closed if it follows from {xa}aeA C S and 
Xa-^x that X £ S. 

Theorem 3.3. Let S be a fuzzy solid subset of fuzzy Riesz space X. Then the 
following two statements hold. 

(i) S is fuzzy a-order closed if and only if Xn t 3^ implies x £ S for all 
increasing sequence {xn} in S~^. 

(ii) S is fuzzy order closed if and only if Xa f x implies x £ S for all increasing 
net {a;^} in S+. 

Proof. (i) Suppose {a;„} is an increasing sequence in S+such that a;„ t 

X. Then Theorem 3.2 (iv) shows that ^ x. Since S is fuzzy tr-order 
closed, we have x £ S. For the converse, let {xn} be a sequence in S 
such that Xn x. Then there exists a sequence {yn} in S such that 
y{\xn — x\, yn) >1/2 and f 0. Thus, p{x — Xm yn) > 1/2; this implies 
y{x,\xn\ + yn) > 1/2 which further implies /i(|a:|,|x„| + ?/„) > 1/2 It 
follows that /r((|x| — yn)~^, \xn\) > 1/2. By the fuzzy solidness of S, we 
have {(|a:|—?/„)+} C S. On the other hand, it is clear that (|x|— 2 /„)+ t l^^l- 
Hence, the hypothesis implies |a;| £ S. It follows from the fuzzy solidness 
of S that X £ S, proving that S is fuzzy cr-order closed. 

(ii) Similar to the proof of (i). 

□ 


9 


4. Fuzzy ideals 

Definition 4.1. Let X be a fuzzy Riesz space. A fuzzy solid vector subspace 
/ of X is called a fuzzy ideal of X. 

Remark 1. Our definition of fuzzy ideals is different from the notion of weak ideal 
defined in [8]. It is clear that a fuzzy ideal is a weak ideal while the converse need 
not be true. 

Remark 2. It is easy to see that (iii) is equivalent to saying that a vector subspace 
/ of X is a fuzzy ideal if it satishes the following two conditions: 

(1) X G I if and only if 1x1 S 7; 

(2) if X a positive element in X, /i(x, y) > 1/2 and y G I, then x G I. 

Remark 3. It is clear from Definition 3.1 that a vector subspace of 7 of a fuzzy 
Riesz space X is a fuzzy ideal if it satisfies the following two conditions: 

(1) X G I if and only if |x| S 7; 

(2) if X, y G X+ and y G I, then x Ay G I. 

Theorem 4.1. Let X be a fuzzy Riesz space and J he an arbitrary index set. 
Then the following two statements hold. 

(i) If 7i is a fuzzy ideal of X and I 2 is a fuzzy ideal of Ii, then I 2 is a fuzzy 
ideal of X. 

(ii) If Ij is a fuzzy ideal of X for each j G J, then I = Dj^jlj is a fuzzy ideal 
ofX. 

Proof. (i) By Theorem 3.1 (i), we know that I 2 is a fuzzy Riesz sub¬ 

space of X. Thus, it suffices to show that I 2 is a fuzzy solid subset of 
X. To this end, let x € X and y G I2 with /i(|x|,|j/|) > 1/2. Then 
y G Ii. Since 7i is a fuzzy ideal of X, we have x G Ii. Therefore, we have 
X G Ii,y G I2 and /r(|x|, |y|) > 1/2. Now the fact that I2 is a fuzzy ideal 
of 1 1 implies x G 72. This shows that that I 2 is a fuzzy ideal of X. 

(ii) By Theorem 3.1 (ii), 7 is a fuzzy Riesz subspace of X. Let x G X and 
y G Y with fi{\x\,\y\) > 1/2. Then y G Ij for each j G J. Hence, the 
fuzzy solidness of Ij implies x G Ij for each j G J, showing that x G 7. 
This proves that 7 is a fuzzy ideal of X. 

□ 

Example 4.1. Let X = C{R) the set of all continuous functions on R with 
coordinate algebraic operations. Define a membership function /i : X x X —>■ [0,1] 
by 

f 1, if/(i)=ffW; 

m(/, ff) = < 2/3, if f{t) ^ g{t) for alH G 7? and / ^ y; 

[ 0, otherwise. 

Then X is a fuzzy Riesz space. Consider 7 = L^{R), i.e., the set of all inte- 
grable functions on R. We claim that 7 is a fuzzy ideal of X. To see this, let 
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f G X and g G Y with Md/UsI) > 1/2- Then the definition of g implies ei¬ 
ther f = g OT f{t) ^ g{t), for all t G i? and f ^ g. In either case, we have 
Jr ^ Jr \g{t)dt < oo, showing that / is integrable, i.e., f G I. Thus, / is a 

fuzzy ideal of X. 


However, the next two examples show that a fuzzy Riesz subspace need not be 
a fuzzy ideal. 


Example 4.2. Let X = C{R) be the set of all continuous functions on R with 
coordinate algebraic operations. Define a membership function /j, : X x X —[0,1] 
by 




1 , if / = 5; 

2/3, if f{t) < g{t) for alH G i? and f ^ g; 
0 , otherwise. 


Then X is a fuzzy Riesz space. Consider Y = {/ | / is a constant function on R}. 
Then Y is clearly a fuzzy Riesz subspace of X. But Y is not a fuzzy ideal of X. 
To see this, let 


f{t) = 


1 — e *, if t > 0; 

0 , otherwise. 


and g{t) = 2 for all t G R. Then g{\f\, |g|) > 1/2 and g GY. However, f ^Y. 


Example 4.3. Let X = R^ be the set of all real-valued functions on R with 
coordinate algebraic operations. Define a membership function /i : X x X —> [0,1] 
by 




1, if/= 5; 

2/3, if f{t) ^ g{t) for alH G i? and f ^ g\ 
0 , otherwise. 


Then X is a fuzzy Riesz space. Consider X = {/ | / is a continuous function on i?}. 
Then Y is clearly a fuzzy Riesz subspace of X. But Y is not a fuzzy ideal of X. 
To see this, put 


f{t) = 


1 , ift^O; 
-1, ift<0. 


and g{t) = 2 for all t G R. Then /r(|/|, |g|) > 1/2 and g GY. However, f ^Y. 


Definition 4.2. Let D be a subset of a fuzzy Riesz space X. The smallest 
fuzzy ideal of X that contains D is called the fuzzy ideal generated by D and is 
denoted by Id- If D is a singleton, that is, D = {a:} for some x G X, then Id is 
often written as Ix and is called the principal fuzzy ideal generated by x. 

Theorem 4.2. Let D be a subset of a fuzzy Riesz space X. 

(i) Id exists and is unique. 
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(ii) Id can be descried as follows. 

n 

(4.1) Id = {x X \ 3x1, Xn & D and A ^ 0 such that /i(|x|, A Ei*-I)>V2). 

i=l 

Proof. (i) By Theorem 4.1, the intersection of all fuzzy ideals contain¬ 

ing H is a fuzzy ideal. Clearly, this fuzzy ideal is unique and it is the 
smallest fuzzy ideal that contains D. 

(ii) Let I denotes the set on the right-hand side of Equation (4.1). By tak¬ 
ing n = \ and Xi = x, we know D G I. li x £ X and y G I with 
/r(|x|, |y|) > 1/2, then there exist Xi,...,Xn £ D and A > 0 such that 
> 1/2- It follows that M(|a;|, AX^ILi > 1/2; im¬ 
plying X € I. This shows that J is a fuzzy ideal containing D. Hence, 
Id C I. Conversely, for x G I, there exist Xi, ...,Xn £ D and A ^ 0 such 
that M(|2;|i^Sr=i l®*l) > 1/2- Thus, x £ Id- This shows that I C Id- 
Therefore, Id = d, establishing (4.1). 

□ 

Corollary 4.1. Let X be a fuzzy Riesz space and y G X. Then principal 
fuzzy ideal Ix can he described as 

Ix = {y G X \ 3X ^ 0 sueh that /i(|j/|, A|x|) > 1/2}. 

Theorem 4.3. Let X be a fuzzy Riesz space and /i,/2 be two fuzzy ideals of 
X. Then the following statements hold. 

(i) 1 1 3-/2 is a fuzzy ideal of X. 

(ii) /++/+ = (/i+/2)+. 

(hi) If h n /2 = (j),x = xi +X 2 ,y = yi 3- 2 / 2 , where xi,yi G h and X 2 ,y 2 G h, 
then y,{x,y) > 1/2 implies y,{xi,yi) > 1/2 and y,{x 2 ,y 2 ) > 1/2. 

Proof. (i) Let x G X and y G h + I2 with /r(|x|, |2/|) > 1/2. Write 

y = yi + 2/2, where 2/1 £ Ii and 2/2 £ I2- Since /^(x“'',|x|) > 1/2 and 
m(| 2/I, I2/1 -f 2/2I) > 1/2, we have y.{x+, \yi\ -f \y2\) > 1/2. A fuzzy Riesz 
space has the Riesz decomposition property; therefore, there exist two 
positive elements Xi,X2 such that /i(xi, I2/1I) > l/2,/r(x2,12/2I) > 1/2 and 
X = xi -Gx2- As 2/1 £ Ii and 2/2 £ I, we have xi G Ii and X2 £ I2, showing 
that X £ /i 3- /2. Thus, Ii 3- /2 is a fuzzy ideal of X. 

(ii) Take x £ (/i 3- ^ 2 )“*". Then x = xi 3- X 2 , where xi £ R and X 2 £ 

I 2 - We have /r(x, |xi| 3- |x 2 |) > 1/2. Thus, the Riesz decomposition 
theorem implies that there exist positive elements xi and X 2 in X such 
that /i(xi, |xi|) > 1/2,/i(x 2 , \x 2 \) >1/2 and x = Xi 3- X 2 - Since xi £ /i 
and X 2 G I 2 , it follows that xi £ //" and X 2 G I 2 - Thus, x = xi 3- X 2 £ 
Ii + I 2 - This shows that (/i 3 -/ 2 )''' C //" + I 2 - It is obvious that 

Ii + I 2 C {h 3- h^- Therefore, 1^ + 12= {h + h)^- 

(iii) Since Iin /2 = </>, we have a unique decomposition y — x = [yi—xi) + {y 2 — 
X2), where yi—xi G Ii and y 2 — X 2 G I 2 - By the hypothesis /i(x, y) > 1/2, 
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we know y — x G (/i + h)'^■ It follows from (ii) that n{xi,yi) > 1/2 and 

y{x2,y2) > 1 / 2 . 

□ 

Definition 4.3. Let X be a fuzzy Riesz space and Ad X. The set 
A'^ = {x d X \ xAy, Vy G A} 

is called the disjoint complement of A. The notation A‘^‘^ denotes the disjoint com¬ 
plement of A‘^, i.e., A‘^‘^ = {A'^Y- Notations ... should be interpreted 

in the same manner. 

Remark. Evidently, if Ai and A 2 are two subsets of a fuzzy Riesz space such that 
Ai c A 2 , then A^ c Af. 


Theorem 4.4. Let A be a subset of a fuzzy Riesz space X. Then the following 
statements hold. 

(i) A C A‘^‘^. 

(ii) A^ = 

(hi) A^nA^^ = { 0 }. 

(iv) If A^ = {0}, then A’^’^ = X. 

(v) A’^ is a fuzzy ideal of X. 

(vi) If A is a fuzzy ideal of X, then for every nonzero element x G A‘^‘^ there 
exists a nonzero element y d A such that /i(|y|, |a;|) > 1/2. 

Proof. (i) Let x d A. Then for all y G A‘^, we have xLy. Thus, 

X d A^^. 

(ii) It is obvious from (i) that A‘^ C A‘^'^‘^. Conversely, it follows from (i) and 
the remark following Definition 4.3 that A‘^'^‘^ C A^. Therefore, A = A‘^‘^'^. 

(hi) It is clear from Dehnition 2.10 that OTx for all x d X. Thus, {0} C 
j^d Q j^dd^ Pqj. converse, let x d A'^ r\ A‘^‘^. Then the dehnition of A'^‘^ 
implies |a;|T|a;|. Therefore, a: = 0, showing that A‘^riA‘^‘^ C {0}. It follows 
that A^ n A'^‘^ = { 0 }. 

(iv) Since OTcc for all x d X, we have {0}"^ = X by Dehnition 2.10. Therefore, 
the conclusion follows. 

(v) It is clear from Theorem 2.4 and Theorem 2.10 that A‘^ is a vector subspace 
of X. Let X d X and y d A^ with y(|a;|, |y|) > 1/2. Then |y| A [z] = 0 for 
all z d A. Since |a;| A |y| = |x| by Theorem 2.2, for all z G A we have 

|x| A |z| = (|a;| A |y|) A |z| = |a;| A (|y| A |z|) = 0. 

Thus, X d A‘^. This shows that A'^ is a fuzzy ideal. 

(vi) Suppose not. Let x d A‘^‘^ and x Y 0. If there exists some z d A such 

that |a;| A |z| 0, then the fuzzy solidness of A implies \x\ A \z\ d A. It is 

evident that /r(|a;| A \z\, |a;|) > 1/2; this contradicts our hypothesis. Thus, 
|a;| A |z| = 0 for all z G that is a; G A‘^. It follows from (hi) that a; = 0, 
contradicting the hypothesis that a; 7 ^ 0. Therefore, A‘^‘^ must possess the 
stated property. 

□ 
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Remark. It is clear that the proof of (iii) yields a slightly stronger statement: If 
A and B be two disjoint subsets of a fuzzy Riesz space, then either AC\ B = (j) or 
AI^B = { 0 }. 


Theorem 4.5. Let I he a fuzzy ideal of a fuzzy Riesz space X. 

(i) is the largest fuzzy ideal I in X having the property that for every 
nonzero element x € I there exists a nonzero element y & I such that 
K\y\Ax\) > 1 / 2 . 

(ii) = {0} if and only if for every nonzero element x & X there exists a 
nonzero element y G I such that pL{\y\, |a;|) > 1/2. 

Proof. (i) By Theorem 4.4 (vi), has the stated property. It suffices 

to show that is the largest fuzzy ideal having the stated property. 
Suppose not. Let / be a fuzzy ideal of X with the stated property. Then 
there exist x & I and y £ such that |a;| A \y\ ^ 0. Since (|a:| A \y\, |a;|) > 
1/2, (|x| A |?/|,|2/|) > 1/2 and I‘^ and I are both fuzzy solid, we have 
|a;|A|i/| € I From the hypothesis we may find some nonzero element 
z G I such that such that p.{\z\, |a;| A |i/|) > 1/2. Since / fl is a fuzzy 
ideal of X, we have z G I = {0}, contradicting 2^0. Therefore, I‘^‘^ 
is the largest fuzzy ideal having the stated property. 

(ii) The conclusion follows readily from (i) and Theorem 4.4 (iv). 

□ 

Definition 4.4. Let X be a fuzzy Riesz space. A fuzzy Riesz subspace Y of 
X is said to be fuzzy order dense in X if for every nonzero positive element x G X 
there exists a nonzero element y GY such that p{y,x) > 1/2. 

Theorem 4.6. Let X be a fuzzy Riesz space and I be a fuzzy ideal of X. Then 
the following statements hold. 

(i) I is fuzzy order dense in X if and only if I= {0}. 

(ii) I (B I‘^ is fuzzy order dense ideal of X. 

(iii) I is fuzzy order dense in 

Proof. (i) Suppose I is fuzzy order dense in X and let x G X+ fl I'^. If 

X ^ 0, then there exists some nonzero element y G I such that fi{y,x) > 
1/2. Hence, y G I Ci = {0}, implying y = 0; this contradicts the 
hypothesis that y 0 . Thus, we must have a; = 0, i.e., I'^ = {0}. 
Conversely, suppose = {0}. Let a; be a nonzero element in X~^. If 
a; A ?/ = 0 for all y G I^, then x would belong to I'^ = {0}, contradicting 
the hypothesis that x ^ 0. Thus, there exists some y G I^ such that 
X Ay ^ 0. Since /j,(x Ay,x) > 1/2 and / is fuzzy solid, we have x Ay G I. 
This proves that I is fuzzy order dense. 

(ii) By Theorem 4.3 (i) and the remark following Theorem 4.4, we know that 
J © is a fuzzy ideal of X. Next, take x G {I (B 1‘^Y. Then xYI and 
xT/'^, implying x G I‘^ and I n respectively. Thus, x = 0, showing 
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that (/ 0 7'^)'^ = {0}. It follows from (i) that 7 0 7'^ is fuzzy order dense 
in X. 

(iii) Since the disjoint complement of 7 in 7'^'^ is 7*^ 07'^'^, the conclusion follows 
from (i) and Theorem 4.4 (iii). 

□ 


5. Fuzzy bands 

Definition 5.1. Let 77 be a fuzzy Riesz space and 7 be a fuzzy ideal of X. 

(i) If 7 is fuzzy cr-order closed, we say 7 is a fuzzy a-ideal of X. . 

(ii) If 7 is fuzzy order-closed, we say 7 is a fuzzy band of X. 

Remark. It is clear that a fuzzy ideal 77 of a fuzzy Riesz space 77 is a fuzzy band 
if and only if 77 C i? and x = sup D implies x G B. 

Theorem 3.3 immediately implies the following theorem. 

Theorem 5.1. Let I be a fuzzy ideal of a fuzzy Riesz space 77. Then the 
following two statements hold. 

(i) I is a fuzzy a-ideal if and only if Xn f x implies x G I for all increasing 
seguence {xn} in 7+. 

(ii) I is a band if and only if Xa t 2 ; implies x G I for all increasing net {xa} 
in . 

Example 5.1. Consider 77 = T^([0, 1]) the set of all integrable functions on [0, 1] 
with coordinate algebraic operations. Define a membership function fi : X x X ^ 
[0,1] by 

f 1, if / = g; 

g) = ■! 2/3, if f{t) ^ g{t) for all t G [0,1] and / ^ g; 

[ 0, otherwise. 

Then X is a fuzzy Riesz space. Let B = {f G L^([0,1]) | f{x) = 0 a.e. on [0,1]}, 
that is, the set of almost zero integrable functions on [0,1]. We claim that 7? is a 
fuzzy band of X. To see this, let h G X and g G I such that n{\h\, |g|) > 1/2. Then 
we have 0 ^ \h(t)\ ^ |g(t)| for all t G [0,1]. Since g = 0 a.e. on [0,1], it follows 
h = 0 a.e. on [0,1]. Thus, h G B, showing that 7? is a fuzzy ideal of X. Next, let 
{fa} be a net in B such that fa /■ Then there exists a net {go,} in X such 
that g(|/a - /I, jgaj) > 1/2 and g^ | 0. 

It f ^ B, that is, / 0 a.e on [0,1], then there exists a positive integer m 

such that such that y{Ejn) > 0, where = [x G [0,1] ] f{t) > 1/m} and v is 
the Lebesgue measure on [0,1]. Take a sequence {fn} of {fa} such that gn } g. 
Then we have fn -2^ / and g(|/ra — /[, jgnj) > 1/2. Also, there exists a Lebesgue 
measurable subset Em C E^ such that u^Em) > 0, /„ = 0 on Em for all n G N, 
and f{t) > 1/m for all t G E. But each /„ = 0 a.e. on [0,1]; hence we have 
\fnit)-f{t)\ > 0 a.e. on Em for all nG N. Therefore, /i(l/(m + l), [/„-/!) = 2/3, 
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implying /^(l/(m + l), \gn\) > 1/2- It follows that l/(m + l) S L({(;„}), contradict¬ 
ing the fact that inf{si„} = 0. 


The next example shows that a fuzzy ideal need not be a fuzzy band. 


Example 5.2. Consider X = the set of all real-valued functions on R with 
coordinate algebraic operations. Define a membership function /i : X x X —> [0,1] 
by 

f 1 , if/= 5 ; 

5 ) = S 2/3, if f{t) ^ g{t) for aWt&R and / 7 ^ g; 

[ 0, otherwise. 

Then X is a fuzzy Riesz space. Let / = {/ £ X | /(O) = 0}, i.e., the set of 
real-valued functions vanishing at 0. We claim that / is a fuzzy ideal but not a 
fuzzy band of X. To see this, let / G X and g & I such that ^(|/|, I 5 I) > 1/2. If 
A^d/li I 5 I) = 1, then |/| = |g|; hence /(O) = g{0) showing that / G /. If m(|/|, |g|) = 
2/3, then |/(0)| ^ |5(0)| = 0 implying /(O) = 0; it follows that / G /. In either 
case, we have / G /; therefore, / is a fuzzy ideal of X. However, I fails to be a 
fuzzy band of X. To see this, consider D = {fn}nGN, where /„ is defined as 

f h t ^ I/n; 

\ I, otherwise. 

Let f(t) = 1 for all t G [0,1]. Then /„(t) ^ f(t), for all t G [0,1]. Thus, /) > 
1/2 for all n G N, implying / G U{D). Now for any g G U{D) we have g,{fn,g) > 
1/2 for all n G N. By definition of /i, we know /„(t) ^ g{t) for all t G [0,1] and all 
n G N ; hence 1 ^ g{t) for all t G [1/n, 1] and all n G N, implying / = 1 ^ g{t) 
on [0,t]. Thus, fJ.{f,g) > 1/2, showing that g GU{f). Therefore, / = supD. Since 
/(O) = 1 7 ^ 0, / ^ /. This shows that I is not a fuzzy band of X. 

Theorem 5.2. Let X be a fuzzy Riesz space and J he an arbitrary index set. 
Then the following two statements hold. 

(i) If Bi is a fuzzy band of X and B 2 is a fuzzy band Bi, then B 2 is a fuzzy 
band of X. 

(ii) If Bj is a fuzzy band of X for each j G J, then B = Hj^jBj is a fuzzy 
band of X. 


Proof. (i) By Theorem 4.1 (i), B2 is a fuzzy ideal of X. It remains to 

show that B 2 is fuzzy order-closed in X. To this end, let {xa} be a net 
in B 2 such that Xa — ^ x in X. Since B 2 C Bi and Bi is a fuzzy band of 
X, we have x G Bi. Thus, Xa x in Hi. As B 2 is a fuzzy band of Hi, 
we have x G B2, proving that H 2 is a fuzzy band of X. 

(ii) By Theorem 4.1 (ii), H = Dj^jBj is a fuzzy ideal of X. Since the inter¬ 
section of fuzzy order-closed sets is obviously fuzzy order-closed, H is a 
fuzzy band of X. 

□ 
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Definition 5.2. Let I? be a subset of a fuzzy Riesz space X. The smallest 
band in X that contains D is called the fuzzy band generated by D and is denoted 
by Bo- If D is a singleton, that is, D = {x} for some x € D, then Bo is often 
written as B^ and is called the principal fuzzy band generated by x. 

Theorem 5.3. Let D he a subset of a fuzzy Riesz space X. 

(i) Bo exists and is unique. 

(ii) Bo can he descried as follows. 

Bo = {a; S X I there exists a net {xa }aGA ^ such that Xa t I®!}. 

Proof. (i) Theorem 5.2 shows that the intersection of all fuzzy bands 

containing D is a fuzzy ideal. Clearly, this fuzzy band is unique and it is 
the smallest fuzzy band that contains D. 

(ii) Let B denote the left-hand side of (5.1). From Theorem 5.1, we see that 
if a fuzzy band B contains D, then it evidently contains B. Also, it is 
clear that D C B. Thus, it suffices to show that B is a fuzzy band of 
X. To this end, let x,y G B. Then there are two nets {xafa^A and 
{yi 3 }p^B such that Xa t and yp f \y\- For indices ai ^ 0:2 and 
/3i ^ /32, we have pL^Xa^Xa^) > 1/2 and p{ypi,yp 2 ) > 1/2- It follows that 
p{xai + ypnXa 2 + Vh) > 1/2; that is, Xa + yp ta./S- Then Theorem 3.2 
shows that \xy\/\{xa+yp) fia,p \x + y\. Similarly, we have |A|xa f I 
for each X € R. Therefore, B is a vector subspace of X. Next, let z G X 
such that p {\ z \, |x|) > 1/2. Since p {\ z \ AXa , Xa ) > 1/2 and p { xa , x ) > 1/2, 
we have p {\ z \ AXa , x ) > 1/2 for each a . It follows from the fuzzy solidness 
of lo that {\z\ A Xa} C lo- Clearly, the net {\z\ A Xa} is increasing. 
Hence, Theorem 3.2 implies that \z\AXa t \z\. Thus, z € B, showing that 
B is a fuzzy ideal of X. Finally, let {wa}aeA C B+ such that Wa t 'w. 
Define B = {n G //) | p{v,Wa) > 1/2 for some a G A}. Then E d Io 
and sup(B) = supQ,g^{supB q,}, where Bq, = {n G //) | p { v , Wa ) > 1/2}. 
Therefore, B is a fuzzy band of X, establishing Bo = B. 

□ 

Corollary 5.1. Let X be a fuzzy Riesz space and x G X. Then principal 
fuzzy band B^ can be described as 

= {y G X I |y| A (n|x|) t |2/|}- 

Proof. Let y G and R be the principal fuzzy ideal generated by x. Then 
Theorem 5.3 shows that there exists a net {ya}a^A C Ix such that ya t 2/- H 
follows from Theorem 4.2 that for each a G A there exists a positive integer n such 
that ^(yQ,n|x|) > 1/2. Since y = sup{?/Q,}, we have p{ya,y) > 1/2 for all a G A. 
Thus, p{ya,y A n|x|) > 1/2 for all a G A and p{y A n|x|, |y|) > 1/2. In view of the 
fact that ?/a 1 2 /; we conclude that y A n\x\ } \y\. This completes the proof. □ 

The next theorem shows that a disjoint complement in a fuzzy Riesz space is 
always a fuzzy band. 
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Theorem 5.4. If A is a subset of a fuzzy Riesz space X . Then A‘^ is a fuzzy 
band in X . 

Proof. The theorem follows from Theorem 4.4 (v) and Theorem 2.10 (ii). □ 

Theorem 4.3 says that the sum of two fuzzy ideals is a fuzzy ideal. However, 
the sum of two fuzzy bands need not be a fuzzy band as the next example shows. 

Example 5.3. Let a be a fixed positive number. Consider X = C'([— a,a]) the set 
of all continuous functions on {—a, a] with coordinate algebraic operations. Define 
a membership function /i : X x X —>• [ 0 , 1 ] by 

f 1 , if/^g; 

m(/, ff) = S 2/3, if f{t) ^ g{t) for all t G [-a, a] and f ^ g; 

[ 0 , otherwise. 

Then X is a fuzzy Riesz space. Let Hi = {/ G X | /(f) = 0 for all t G [0, a]} and 
Hi = {/ G X I /(<) = 0, for all t G [—a,0]}. We claim that Hi and H 2 are fuzzy 
bands in X. To see this, let {fa} C Hi such that {fa} t /• In view of Theorem 5.1, 
we need to show that / G Hi. Suppose not. Then there exists b G [0,a] such that 
f{b) 7 ^ 0. Without loss of generality, we may assume b ^ 0 and f{b) > 0. By the 
continuity of /, there exists e > 0 such that f{t) 7 ^ 0 for alH G [b — €,b + e] C [0, a]. 
Let m = maxtg[t,_j b+e] f{t) and take a number c such that 0 < c < min{m, f{b)}. 
Then define a function gi = c on [b — e,b + e] and extend it continuously to a 
nonnegative function on [0,a] using the Tietze Extension Theorem. Next, define a 
function g on [—a, a] by 

gi{t), iffG[ 0 ,a]; 

/(f), otherwise. 

Then 5 G Hi and fJ,{g,f) > 1/2, showing that g ^ U{f). It is obvious that 
g{fa,g) > 1/2 for all a, that is, g G !/({/„}). But g is strictly less than / on the 
interval [b — €,b + e]; this means g fL U{f), contradicting / = sup{/a}. It follows 
by contraposition that / G Hi. Therefore, Hi is a fuzzy band of X. Similarly, we 
can show that H 2 is a fuzzy band of X. 

Evidently, Hi nH 2 = {0}; hence Theorem 4.3 shows that Hi +H 2 = Hi 0 H 2 = 
{/ G X I /(O) = 0} is a fuzzy ideal of X. However, Hi + H 2 is not a fuzzy band. 
To see this, consider a sequence of function {/„} in X defined by 

if 1 /n ^ f ^ a; 
if 0 ^ f < 1 /n; 
if — 1 /n < f ^ 0 ; 
if —a ^ f ^ — 1 /n. 

Then {/„} C Hi + H 2 . Let / = 1. It is clear that / G H({/„}). Let h G H({/„}). 
Then p{fn,h) > 1/2 for each n. Hence, g{t) > 1 for all f G [—a,—1/n] U [1/n, a] 
for each n, implying that g{t) ^ /(f) = 1 for all f G [—a, a]. Thus, n{f,g) > 1/2, 
implying that f € U(g). This shows that / = sup{/„}. But / ^ H 1 +H 2 . Therefore, 
Hi + H 2 is not a fuzzy band of X. 


fn{t) = 
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Theorem 5.5. Let Bi and B 2 be two fuzzy ideals of a fuzzy Riesz space X. If 
X = Bi (B B 2 , then Bi and B 2 are fuzzy bands satisfying Bi = Bif and B 2 = Bf. 
In this case, we have Bi = Bf'^ and B 2 = 

Prooe. Take x G Bi and y G B 2 . Since p{\x\ A |y|,|a;|) > 1/2 and /i(|x| A 
\y\, \y\) > 1/2, the fuzzy solidness of Bi and B 2 implies |a;| A \y\ G Bi H B 2 = {0}. 
Therefore, B 1 J-B 2 and B 2 C Bf. 

On the other hand, take x G Bf such that fi{0,x) > 1/2. The hypothesis 
implies the existence of two positive elements xi G Bi and X 2 G B 2 such that 
X = xi + X 2 . Since p{0,X2) > 1/2 y{xi,xi) = 1 > 1/2, we have p{xi,x) > 1/2. 
Since Bf is a fuzzy ideal, xi G Bf C B 2 . Hence, xi G Bi Ci B 2 = {0}. It follows 
that X = X 2 G B 2 , showing that Bf C H 2 . Therefore, B 2 = Bf. By symmetry, we 
also have Bf = Bi. 

The second statement follows from Theorem 4.4. □ 

Lemma 5.1. Let D be a nonempty subset of a fuzzy Riesz space X. Then 
D‘^ = if) = Bf), where Id and Bd are the fuzzy ideal and fuzzy band generated by 
D, respectively. 

Proof. It suffices to show that = Bf,. Since D c Bd, we have Bf c D'^. 
For the converse, take x G D’^. Then X-Ly for all y G D. By Theorem 2.10 and 
Theorem 5.1, we have x G Bf, implying that C Bf. Therefore, D‘^ = Bf. □ 

Theorem 5.6. Let X be a fuzzy Riesz space. Then X is fuzzy Archimedean if 
and only if B = B‘^‘^ for all fuzzy band B of X. 

Proof. Assume that is a fuzzy Archimedean Riesz space and H is a fuzzy 
band of X. By Theorem 4.4, we have B C B‘^‘^. Thus, to show that B = B‘^‘^, it 
suffices to show that B'^'^ C B. To this end, take x G B‘^‘^ and put 

Dx = {y G B+ \ y 0,y X, y{y, x) > 1/2}. 

Clearly, (f), and x G U(L>x)- We show that Bx t that is, x = supL>x- 

Assume x f- supD^. Then there exists some 2 ; G X~^ such that z G U{Dx) but 
z ^ U{x), i.e., fJ,{y,z) > 1/2 for all y G and fi{z,x) > 1/2. Since x z, 
X — z G B’^'^ and B'^ n B'^'^ = {0}, we have x — z ^ B‘^. This implies that there 
exists some w G such that v = wA{x — z) 0. As y,[y, w) >1/2 and w G B, the 
solidness of B implies v G B. In view oi fj.{v,x — z) > 1/2 and fi{x — z, x) > 1/2, we 
have y{v,x) > 1/2. Evidently, 0 v G hence v G D^. Thus, y{v,z) > 1/2. It 
follows that 0 2v G Dx and x) = p{v -\-v,{x — z) + z) > 1/2. By induction 
on n, we have 0 nv G and pL{nv,x) > 1/2, that is, the sequence {nv} is 
bounded above, contradicting Theorem 2.11. This proves that x = snpD^. As 
Dx C B and i? is a fuzzy band, we have x G B. Hence, B‘^‘^ C B. 

Conversely, we assume that B = B'^‘^. Suppose X is not fuzzy Archimedean. 
Then there exists nonnegative elements x,y G X such that y G [/({nxjneiv)- Let 
Ix be the fuzzy ideal generated by a; in X and put I = IxQlf. If z±I, then z±Ix 
and z±lf, showing that z G Ix Cl if = {0}. Thus, I'^ = {0}, implying X = I‘^^. It 
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follows from Lemma 5.1 and the hypothesis that X = Bj, where Bj is the fuzzy 
band generated by I in X. Thus, y € Bi and y = supU^, where 

Dy = {z\z€ /+, fi{z, y) > 1/2}. 

Next, let z G Dy. Then Theorem 4.3 shows that z = zi + Z 2 , where zi G , 
Z 2 € (/}?)'*', y{zi,z) >1/2 and /x(z 2 , z) > 1/2. In view of Theorem 4.2, there exists 
some k G N such that y{zi,kx) > 1/2. Hence, fi{zi + x,{k + l)x) > 1/2, showing 
that zi + X G Ix- 

Therefore, (zi + x)Tz 2 . Moreover, we have y{z 2 ,z) > 1/2 and y{z,y) > 1/2, 
implying/r(z 2 , y) > 1/2. By Theorem 2.8, we have/r(z+x, i/) = /r((zi+x)Vz 2 , y) > 
1/2, or equivalently, y(z, y — x) > 1/2 for all z G Dy. Thus, y — x G U{x). On the 
other hand, x is a nonnegative element; hence y(y — x, y) > 1/2, i.e., y G U{y — x). 
This contradicts the fact that y = sup Dy. By way of contraposition, we conclude 
that X must be fuzzy Archimedean. □ 

Definition 5.3. Let A be a fuzzy Riesz space. 

(i) X is said to be fuzzy Dedekind complete or fuzzy order complete if every 
nonempty subset of X that is bounded above has a supremum. In this 
case, we also say A is a fuzzy Dedekind complete Riesz space. 

(ii) A is said to be fuzzy Dedekind a-complete if every nonempty countable 
subset of A that is bounded above or bounded below has a supremum or 
infimum, respectively. In this case, we also say A is a fuzzy a-Dedekind 
complete Riesz space. 

Lemma 5.2. If X is a fuzzy Dedekind complete Riesz space, then X is fuzzy 
Archimedean. 

Proof. Let x G A+. In view of Theorem 2.11, we need to show that the 
sequence {nx}neN is not bounded above. To proceed by way of contraposition, we 
assume that there exists some y G X such that /i(nx, y) > 1/2 for all n G N. Since 
A is fuzzy Dedekind complete, xq = sup{nx}„gAr exists; similarly, 2xo = sup{2nx} 
exists. Since y(nx, 2nx) > 1/2 and /i(2nx, (2n + l)x) >1/2 for all n G N, we see 
that sup{nx}ngiv = sup{2nx}„gAr. Thus, we have xq = 2xo, implying xq = 0. This 
further implies that x = 0, contradicting the fact that x is an arbitrary element in 
A+. Thus, the theorem is established. □ 

Theorem 5.7. Let X be a fuzzy Riesz space. 

(i) A is fuzzy Dedekind complete if and only if every nonempty subset of X^ 
that is directed to the right and bounded above has a supremum. 

(ii) A is fuzzy Dedekind a-complete if and only if every increasing sequence 
in A+ that is bounded above has a supremum. 

Proof. (i) Suppose A is a fuzzy Dedekind complete, then the stated 

property obviously holds. Conversely, assume the stated property holds. 
Let D be a nonempty subset of A such that U{D) ^ (jj. We will show 
that supD exists in A. To this end, take x G D and put 

E = {xV y \ y G D}. 
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Then E is clearly directed to the right and U{D) = D{E) ^ </>. Thus, it 
suffices to show that sup E exists. Define 

E = {z - X \ z £ E}. 

Then E is still directed to the right and U(F) ^ (f>. Also, it is clear that 
F C A+. By the hypothesis, sup F exists, implying that sup E = supF+x 
exists. Thus, X is fuzzy Dedekind complete. 

(ii) Similar to the proof of (i). 

□ 

Example 5.3 shows that the sum of two fuzzy bands of a fuzzy Riesz space need 
not be a fuzzy band. However, the next theorem shows that the sum of two fuzzy 
bands of a fuzzy Dedekind complete Riesz space is a fuzzy band. 

Lemma 5.3. Let Bi and B 2 he two disjoint fuzzy bands in a fuzzy Dedekind 
eomplete Riesz space X. Then Bi 0 i ?2 is a fuzzy band of X. 

Proof. Let D be a nonempty subset of (Hi 0 B 2 )~^ such that D is directed 
to the right and xq = supD exists. In view of Theorem 5.7, it suffices to show 
that Xq £ Hi 0 H 2 - To this end, take x £ D. By Theorem 4.3, x can be uniquely 
written as x = yx + Zx, where yx £ Hi and Zx £ H 2 . Notice that if Xi,X 2 ,X 3 £ D 
such that p{xi,X 3 ) > 1/2 and pi{x 2 ,x^) > 1/2, then p{yxi V yx 2 ^yx 3 ) > 1/2 and 
yizxi V Zx 2 ,Zx 3 ) > 1/2. Therefore, fiiyx,xo) > 1/2 and fi{zx,xo) > 1/2 for all 
X £ D. Since X is fuzzy Dedekind complete, there exist wi,W 2 £ X such that 
wi = sup{?/3,}xGD and W 2 = sup{z:j,} 2 ,g£). As {j/xIxgd C Hi and {Zx}xgd C H 2 , 
we have wi £ Hi and W 2 € H 2 . It follows that 

Xo = SUp{2/x 0 ZxjxdD = SUp{2/x}xeD 0 SUp{z2,}a;Gl5 = Wi +W2 £ Bi® H 2 . 
This proves that Hi 0 H 2 is a fuzzy band in A. □ 

Theorem 5.8. Let B be a fuzzy band of a fuzzy Riesz space X. If X is fuzzy 
Dedekind complete, then A = H 0 B‘^. 

Proof. By Lemma 5.3, H 0 H'^ is a fuzzy band of A. Let x S (H 0 H'^)'^, 
then X £ B n B‘^ = {0}. Therefore, (H 0 B^Y = {0}- H follows that H 0 H'^ = 
(H 0 = A. □ 


6. Fuzzy band projections 

Definition 6.1. A fuzzy band H of a fuzzy Riesz space A is called a fuzzy 
projection band if A = H 0 H'^. 

Definition 6.2. Let A be a fuzzy Riesz space. An element x G A is said to 
be a fuzzy projection vector if the band generated by x is a fuzzy projection band. 
A is said to have the fuzzy principal projection property if each element in A is a 
fuzzy projection vector. 
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Let B is a fuzzy projection band on a fuzzy Riesz space X. Then each x G X 
has a unique decomposition x = xi + X 2 , where xi G B and X 2 G B‘^. Therefore, 
the mapping Pb ■ X ^ X defined by 

(6.1) Pb{x) = xi 

is a projection. 

Definition 6.3. Let i? be a fuzzy projection band of a fuzzy Riesz space X. 
The projection Pb defined by Equation (6.1) is called a fuzzy band projection on 
X. In particular, if a; is a projection vector of X, we will write Px for Pb„,. 

Definition 6.4. Let X be a fuzzy Riesz space and x,y G X such that fi{x, y) > 
1/2. Then the set {z G X \ fi{x,z) > 1/2 and fi{z,y) > 1/2} is called a fuzzy order 
interval and is denoted by [x,y]. 

Theorem 6.1. Let B be a fuzzy ideal of a fuzzy Riesz space X 
following statements are equivalent. 

(i) B is fuzzy projection band. 

(ii) For each x G X~^, the supremum of the set = {y G B^ 

1/2} = B^ n [0,x] exists in X and belongs to B. 

(hi) There exists a fuzzy ideal I of X such that X = I ® B. 

Proof. (i) => {ii) Let x G By the hypothesis, x can be 

uniquely written as x = xi + X 2 , where xi G B'^ and X 2 G {B‘^)~^. Take 
any element 2 S i.e., 2 G B'^ such that pl{z,x) = ijl{z,xi +X 2 ) > 1/2. 
Then y.{z — xi,X 2 ) > 1/2, implying ^((z — xi)''',X 2 ) > 1/2. It follows 
from the fuzzy solidness of B‘^ that {z — Xi)"*" G B^. Since {z — xi)'*' G B 
and R n = {0}, we have {z — xi)+ = 0. Hence, ^(z,Xi) > 1/2 for all 
z G Dx, that is, xi G U{Dx). As xi S we have supD^ = Xi G B. 

{ii) => {in) Let x S Ai+. By (ii), y = supD^ exists and belongs to B. 
Put z = X — y. Then /i(0, z) > 1/2. Take w G H+. We have z Aw G 
hence y + z A w G B. It follows from Theorem 2.5 that 

y + zAw = {y + z)A{yAw)=xA{yA w), 

implying that yt{y + zAw,x) > 1/2, which further implies y,{y + zAw,y) > 
1/2. On the other hand, we have ^(0, zAu>) > 1/2; hence ^(y, y + zAw) > 
1/2. Therefore, the antisymmetry of /i implies y = y+zAw, i.e., zAw = 0. 
It follows that z G B‘^. This proves X = B (B B^. Finally, (iii) follows by 
taking A = B'^. 

{Hi) {i) The conclusion follows readily from Theorem 5.5. 

□ 

Let X and Y be two fuzzy Riesz spaces and y, and v are the associated fuzzy 
orders on X and Y, respectively. Suppose T denotes the collection of all operators 
from X to Y, that is, T = {T | T : AT ^ Y}. We may equip T with a partial order 
^ defined by S' ^ T if and only if v{S{x), T{x)) >1/2 for all x G X. Also, we may 
write T{x) as Tx when no confusion will arise. 


Then the 

I F{y,x) > 
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Definition 6.5. Let X and Y be two fuzzy Riesz spaces and ^ and v are the 
associated fuzzy orders on X and Y, respectively. An operator T : X ^ Y is said 
to be fuzzy positive if pt(0,x) > 1/2 implies v{0,T{x)) > 1/2. 

Remark. Our definition is slightly more general than Definition 2.1 in [2]. Indeed, 
it is easy to see that if T is fuzzy positive in the sense of Definition 2.1 in [2], then 
it must be fuzzy positive in the sense of Definition 6.3. The next example shows 
that the converse need not hold. 


Example 6.1. Consider X = Y = R. Equip X with a membership function 
/I : X X A —>• [0,1] defined by 




Equip Y with a membership function 


y{x,y) = 


1, iix = y] 

4/5, if X < y; 

0, otherwise. 

u : X X X ^ [0,1] defined by 

1, if X = y\ 

2/3, if X < y; 

0, otherwise. 


It is easy to see p, and v are fuzzy orders on X and Y, respectively. Let T : X ^Y 
be the identity mapping, that is, T(x) = x for all x € X. Then T is evidently fuzzy 
positive in the sense of Definition 6.3. However, /i(l, 2) = 4/5 and z/(T(l), T{2)) = 
iz(l, 2) = 2/3 ^ /r(l, 2). Therefore, T is not fuzzy positive in the sense of Definition 
2.1 in [2]. 


Theorem 6.2. Let Pb be a fuzzy band projection on a fuzzy Riesz space X. 

Then the following two statements hold. 

(i) Pb is fuzzy positive. 

(ii) Pb(x) = sup{y e B+ \ n{y,x) > 1/2} = sup(H n [0,x]). 

Proof. (i) Let B be the fuzzy projection band associated with Pb. 

Then B © B‘^ = X. If x G X+, then the Riesz Decomposition The¬ 
orem implies x = xi + X 2 , where xi G B+ and X 2 G {B‘^)~^. Thus, 
fi{0, Pb{x)) = /i(0,xi) > 1/2, showing that Pb is fuzzy positive. 

(ii) By Theorem 6.1, z = sup}?/ G B'^ \ pi{y,x) > 1/2} exists and belongs to 
B. Let B be the fuzzy band associated with Pb. Then each x G X+ may 
be uniquely written as x = xi + X 2 , where xi G B'^ and X 2 G It is 

clear that fi{xi,z) > 1/2 and p.{z,x) > 1/2 which implies — Xi) > 

1/2 and fj,{z — xi,x — Xi) = y{z — xi,X 2 ) > 1/2, respectively. Thus, 
z — xi G B^. On the other hand, z — xi G B. Hence, z—xi G BfiB'^ = {0}. 
It follows that z = xi, that is, Pb{x) = z = sup Da,, proving the theorem. 

□ 


Next, we apply Theorem 6.1 and Theorem 6.2 to give a characterization theo¬ 
rem of fuzzy projection vectors. 
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Theorem 6.3. An element x in a fuzzy Riesz space X is a fuzzy projection 
vector if and only if the supremum of the set Ey = {y A n\x\}neN exists in X for 
each positive element y G X. In this case, we have 

Px{v) = supE'y = sup{?/ A n\x\}n^Nj for all y € 

Proof. Let x € X and y € X+. Then Ey C A [0,?/], where is the 
fuzzy principal band generated by x. Thus, U{Bx n [0, y\) C U[Ey). Conversely, if 
z € U{Ey), then y,{yAn\x\, z) >1/2 for all n G N. Take any element w G Ba;n[0, y]. 
Then y(w A n\x\,y A n|a;|) > 1/2, implying yilpv A n\x\,z) > 1/2. Since Corollary 
5.1 shows that w A n\x\ f w, we have fj,{w,z) > 1/2, that is, z G U{Bx C [0,t/]), 
implying U{Ey) C U{Bx C [0,y]). Therefore, U{Ey) = U{Bx fl [0,y]). Now the 
theorem follows from Theorem 6.1 and Theorem 6.2. □ 

Lemma 6.1. Let X and Y be two fuzzy Riesz spaces and y and v be the asso¬ 
ciated fuzzy orders, respectively. If T : X ^ Y is a fuzzy positive operator from X 
to Y, then 

jz(|ra;|,T|a;|) > 1/2 for all x G X. 

Proof. Let x G X. Then ^(a;, |a;|) > 1/2 and /i(—x, |a;|) > 1/2. Thus, 
/j,(0, |x| — x) > 1/2 and p,(0, |x| + x)l/2. Since T is fuzzy positive, we have 
y{Q,T\x\ — Tx) > 1/2 and /r(0, T|x| + Tx)l/2. It follows that /r(Tx,T|x|) > 1/2 
and y{—Tx,T\x\) > 1/2, respectively. This shows that v{\Tx\,T\x\) > 1/2. □ 

Theorem 6.4. Let X be a fuzzy Riesz space, T : X ^ X be an operator on X 
and I be the identity operator on X. Then the following statements are equivalent. 

(i) T is a fuzzy band projection. 

(ii) T is a fuzzy positive projection satisfying T < I . 

(iii) TxE{I — T)y for all x,y G X, that is, T and I — T have disjoint ranges. 

Proof. {i) => {ii) This is trivial. 

{ii) {Hi) Let x,y G It follows from y{0,Tx A {I — T)y) > 1/2, 
v{Tx A (/ — T)y, (/ — T)y) >1/2 and the fuzzy positivity of T and I — T 
that y{0,T{TxA{I-T)y)) > 1/2 and v{T{TxA{I-T)y),t)) = v{T{TxA 
{I — T)y),T{{I — T)y)) > 1/2. Therefore, the antisymmetry of iz implies 
T{Tx A (/ - T)y) = 0. Similarly, (/ - T){Tx A {I - T)y) = 0. Hence, 
TxA{I- T)y = T{Tx A {I- T)y) + (/ - T){Tx A {I- T)y) = 0. In view 
of Lemma 6.1, we conclude that TxE{I — T)y for all x,y G X. 

{Hi) {i) Suppose Bi and B 2 are the fuzzy ideals generated by the 
ranges of T and I — T, respectively. Then B 1 EB 2 . For every x G X, 
we have x = Tx + (/ — T)x. Therefore, X = Bi (B B 2 . It follows from 
Theorem 5.5 that Bi and B 2 are fuzzy projection bands on X . Thus, we 
have 

Pb, {x) - T{x) = Pb, {x) - Pb,T{x) = Pb, (/ - T){x) = 0, 
showing that T = Pb^ ■ Hence, T is a fuzzy band projection. 

□ 
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Corollary 6.1. If X is a fuzzy Dedekind a-complete Riesz space, then X has 
the fuzzy principal projection property. 


Theorem 6.5. If Bi and B 2 are two fuzzy projection bands of a fuzzy Riesz 
space X, then Bf,Bi n B 2 and Bi + B 2 are also fuzzy projection bands satisfying 
the following identities. 

(i) Paj = I - Pbi- 

(ii) -PbiOBs = PbiPb^ = Pb2Pbi- 

(iii) = Pbi + Pb2 — PbiPb2 = Pbi + Pb2 — ^’BiOBa ■ 

Proof. (i) Since Bi is a fuzzy projection band, we have X = Bi Q) Bf. 

By Theorem 5.5, we know X = Bf(BBf‘^, that is, Bf is a fuzzy projection 
band. It is obvious that Pbi + Pb^ = that is, P^d = I — Pb^ . 

(ii) Let X S Apply Theorem 6.2 to Pga to obtain Bi fl [0,Pb2{x)] = 

Bi n i ?2 n [0, a;]. Then apply Theorem 6.2 to Pbj to get 

PB 1 PB 2 X = sup(Bi n [0,PBi(a;)]) = sup(Bi 0^2 n [0,a;]). 

It follows from Theorem 6.1 that Bi n il 2 is a fuzzy projection band and 
-PbiOBs = PbiPb 2 - By symmetry, we also have PsinBa = ^^Ba^^Bi- 

(iii) First, we assume that Bi±B 2 . Let x G and take a:i+a :2 G (i?i+il 2 )n 
[0, a;]. Then xi G i?i fl [0, x], X 2 & B 2 Pi [0, a;], a:i + a ;2 G (i?i + B 2 )^, and 
fi{xi +X 2 ,x) > 1/2. Thus, Theorem 6.2 implies iJ.{xi, Pbi{x)) > 1/2 and 
Pl{x 2 ,Pb 2 {x)) > 1/2, which further implies /r(a;i+a; 2 ,Pbi( a;)+P b 2 ( 2 ;)) > 
1/2. Thus, PBi(x)+PB 2 (a;) G t/((ili+i? 2 )n[0, x]). As Pb^ (x) +Pb 2 (x) G 
Bi + B 2 , we have 


(6.2) sup ((Pi + B2) n [0,x]) = PbiX + PB2X. 

By Theorem 6.1, we know Pi + P 2 is a fuzzy projection band. Then it 
follows from Equation (6.2) and Theorem 6.2 that Pbi+B 2 = Pbi + Pb 2 - 
For the general case, we notice that Pi + P 2 = (Pi fl P 2 ) © Pa- Thus, by 
(i), (ii) and the above special case, we have 

PB 1 +B 2 = -P(BinB|)©B2 =-^BiOBl +-Pb2 

= Pb^PbI + Pb2 
= Pbi {I - Pb2 ) + Pb2 

= Pbi + Pb2 “ PbiPb2 = Pbi + Pb2 ~ PBirB2- 

□ 


Corollary 6.2. If x and y are two fuzzy projection vectors in a fuzzy Riesz 
space X, then P^, B^ H By and B^ + By are also fuzzy projection bands satisfying 
the following identities. 


(i) Pb^ — I Px- 

(ii) PxAy = PxPy = PyPx- 

(iii) Px+y = Px + Py — PxPy = Px + Py — PxAy 
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Theorem 6.6. Let Bi and B 2 be two fuzzy projection bands on a fuzzy Riesz 
space X. Then the following statements are equivalent. 

(i) Bi C i? 2 - 

(ii) Pbi Pb2 = Pb2 Pbi = Pbi ■ 

(iii) Pbi di Pb2 ■ 

Proof. (i) (ii) If Bi C 52, then Theorem 6.5 implies that 

PbiPb2 = PB 2 PB 1 = PBinB2 = Pbi- 

(ii) (Hi) Suppose (ii) holds. Then for each positive element x € X 
Theorem 6.4 implies 

Pbi{x) = PbiPb2{x) d: IPb2{x) = Pb2{x), 

showing that Pb^ d Pb 2 ■ 

(iii) => (i) If (iii) holds, then for each positive element x £ Bi we have 

X = PbA^) ^ Pb2(x) £ 52, 

implying that 5i C 52. 

□ 
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